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Finite difference linearization of pore concentration gradient in nanofiltration mem-
branes greatly simplifies the solution of a three-parameter model (pore radius, mem-
brane charge, and pore dielectric constant) for electrolyte rejection by removing the
requirement for numerical integration of the extended Nernst— Planck equation. The
validity of the linearized model is first experimentally tested by comparing with a rigor-
ous characterization of the Desal-DK nanofiltration membrane, the linearized model
closely agreeing with the numerical solution of the full model. Investigation of pore
concentration profiles showed the assumption of linearity to be valid over a wide range
of nanofiltration conditions. The linearized model was also successfully extended to
ternary electrolyte mixtures, highlighting its main advantage over analytic solutions.
Overall, the model is a powerful tool for characterization of nanofiltration membranes
and subsequent prediction of separation performance. Computational demands are

Linearized Transport Model for Nanofiltration:

modest in terms of time and complexity.

Introduction

Nanofiltration (NF) is the most recently developed pres-
sure-driven membrane process for liquid-phase separations.
The properties of NF membranes (where pores are nominally
~1 nm in dimension) lie between those of nonporous re-
verse-osmosis (RO) membranes and porous ultrafiltration
(UF) membranes, solutes being separated by a combination
of size, electrical, and dielectric mechanisms. NF membranes
have been found to be extremely effective in the fractiona-
tion and selective removal of solutes from complex process
streams. This development of NF technology as a viable pro-
cess during the last decade has led to a marked increase in its
adoption in a number of industries, such as treatment of
pulp-bleaching effluents from the textile industry (Rosa and
de Pinho, 1995), separation of pharmaceuticals from fermen-
tation broths (Tsuru et al., 1994), demineralization in the dairy
industry (van der Horst et al.,, 1995), metal recovery from
wastewater (Fane et al., 1992), and virus removal (Hoffer et
al. 1995).

Almost all existing predictive models of NF separations
employ an equilibrium partitioning expression to describe the
distribution of ions at the pore inlet and outlet, with pore
transport being described by the extended Nernst—Planck
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equation (Tsuru et al., 1991a; Wang et al., 1997; Combe et
al., 1997; Bowen and Mohammad, 1998; Afonso and de Pinho,
2000). These models describe electrolyte rejection at a given
volume flux, J,, in terms of three parameters (effective pore
radius, r,, effective ratio of membrane thickness to porosity,
Ax/A,, and effective membrane charge density, X,). Solu-
tion of the governing equations in these models requires non-
linear numerical methods because exact integral solutions of
transport equations are extremely complex and do not readily
yield quantitative explicit evaluation of permeate concentra-
tions (Schlogl, 1966). This notwithstanding, Tsuru et al.
(1991a) derived such an analytical solution for univalent elec-
trolytes using a purely Donnan partitioning expression to de-
fine permeate concentration in terms of normalized flux
(J,Ax/A,) and membrane charge density. However, this ap-
proach could not be extended to more complex systems, and
so Runge—Kutta numerical integration was still performed in
predictions of the rejection of other electrolytes.
Weaknesses of such existing models lie in the extremely
large predicted values of X, (Bowen and Mohammad, 1998)
and the use of Ax/A4, as a fitting parameter to obtain good
agreement with experimental rejection data. This empirical
nature of such NF modeling has limited the success of pre-
dictions of more complex systems due to difficulties in pre-
dicting X, (from the adsorption isotherms of single elec-
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trolytes), as this parameter dominates the model in many
cases.

The application of NF in industrial separations also has
highlighted the limitations of existing predictive models in
terms of process design. The current trend in modeling is to
develop physical realism in order to improve the agreement
between model parameters and measured physical proper-
ties. This can lead to models of great complexity that are
difficult to apply in practice. Conversely, no reliable general
model has been yet developed for approximate prediction of
NF performance that can be adopted by nonspecialist engi-
neers in the preliminary assessment of a given separation.

The preceding NF descriptions encompass a number of
separation mechanisms that are each capable of dominating
overall transport, under certain conditions. Therefore, it is
not straightforward to simplify existing models for the gen-
eral case because all mechanisms must be retained. Schlogl
(1966) discussed the linearization of transport in homoge-
neous membrane phases and stated that the linearization of
potential gradient is, in general, much more appropriate than
concentration gradient due to nonlinearities in pore concen-
tration profiles at increased volume fluxes. The proposed
model was not, however, tested experimentally.

Dresner (1972) dismissed such an approximation of poten-
tial gradient for most hyperfiltration (RO) conditions, and in-
stead proposed a simplification for prediction of asymptotic
rejection at membranes with almost complete exclusion of
coions. The diffusion component was neglected from trans-
port, as pore concentrations were assumed to be independent
of position almost immediately downstream of the pore inlet.
Again, no experimental verification of this assumption was
provided. Van der Horst et al. (1995) linearized both concen-
tration and potential gradient in their study of ternary salt
mixtures, but no equilibrium partitioning expression was in-
cluded and transport parameters were obtained that gave no
information on membrane structure or electrical properties.
Sarrade et al. (1994) also neglected diffusive transport in their
study of inorganic NF membranes, and Rios et al. (1996) were
able to successfully develop their approach to describe the
rejection of both single and multicomponent electrolytes.

In the present article, a simplified approach is proposed
that is based upon a model for uncharged solute rejection
with one independent parameter (pore radius) and a model
for electrolyte rejection with three independent parameters
(pore radius, membrane charge, and pore dielectric constant)
(all other variables being calculated on a defined basis). The
introduction of dielectric exclusion in this model significantly
reduces the magnitude of predicted values of X, and changes
the emphasis from X, to pore radius (through pore dielectric
constant) as the dominant parameter. Finite difference lin-
earization of pore concentration gradients reduces the system
of first-order differential transport equations to a system of
algebraic equations, removing the requirement for numerical
integration. This linearized model is applied to the character-
ization of a widely used NF membrane (Desal-DK), and the
validity of the approach is investigated over a wide range of
NF operating conditions. The advantage of the linearization
approach over analytical solutions is highlighted when the
calculations are extended to the separation of univalent-diva-
lent ternary-ion mixtures. Comparison is made throughout to
the results obtained with the full equations.
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Theoretical Aspects
Rejection of single electrolytes

Statement of the Full Problem. The overall solution of
models based on the extended Nernst—Planck equation [the
extended Nernst—Planck equation is a simple version of the
Stefan—Maxwell approach (Wesselingh and Krishna, 2000); a
full implementation of the Stefan—Maxwell approach is not
possible for the present problem due to lack of data (Bowen
and Mohammad, 1998) is an iterative calculation because of
the presence of permeate concentrations in the derived
transport equations, even when an analytical solution of pore
transport has been derived for a simple case. In the present
article, the extended Nernst—Planck equation describes pore-
ion transport

=—p, Ja 2l Wy 1
=—D. - d +K. c
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It is usual, through use of the conditions of pore electroneu-

trality and zero current, to use Eq. 1 to obtain an expression
for potential gradient
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The concentrations of ion 2, ¢,, and C, ,, can be eliminated
from Eq. 2 using the electroneutrality conditions within the
pore and the permeate solutions. By definition
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Substitution of Egs. 3 and 4 into Eq. 2 and rearrangement
yields
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The concentration gradient for ion 1 is related to potential
gradient as follows

dc, d¢z

dx_D (chc1 1p) ZlRT dx

(6)
There is, of course, a corresponding expression for ion 2, but
this will be dependent of Eq. 6 because of pore electroneu-
trality. The equilibrium partitioning of ions at the pore inlet
and outlet in this model will be assumed to result from a
combination of steric effects (due to the finite sizes of the
ions and the pore), electrical effects (defined through the
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Donnan potential), and dielectric exclusion (where an energy
barrier to solvation is developed by a reduction of pore di-
electric constant within the pore)

Inspection of Eq. 10 indicates that the order of the numera-
tor is one higher than the denominator. The concentration
gradient will be effectively constant (and hence the concen-
tration profiles linear) provided the effect of the ¢? term is

¢ —z,F — AW, relatively small. Under these conditions, the concentration
a_ =®;exp ( ?A ‘vbD) €Xp ( T) (7 gradient can be approximated as follows
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This expression is sufficient if the pores are assumed to be of
uniform radius, since it is does not require knowledge of the
solvent structure within the pores. However, a significant dis-
tribution of pore radii would make it necessary to relate aver-
age pore dielectric constant to pore radius (as will be dis-
cussed in the subsection titled “Range of Validity of Lin-
earized Concentration Gradients”).

The system of equations defined here (Egs. 5, 6, 7, and 8)
will be termed the full model for electrolyte rejection
throughout the present article. The normal solution method
involves the adoption of a fourth-order Runge—Kutta algo-
rithm in the simultaneous stepwise integration of the concen-
tration and potential gradients (Dresner, 1972). However, it
is possible, through finite difference (FD) linearization of the
concentration gradient, to remove the requirement for nu-
merical integration.

Rejection of 1:1 Electrolytes Using Linearization. Many
characterization studies employ uni-univalent electrolytes
such as NaCl, and so these will be used here to demonstrate
the method applied for all single electrolytes. In this case

Ciw=0Cy,=C,, Cl,p = Cz’p = Cp, zy=—12z,=1, and so Eq.
5 becomes
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Substitution of Eq. 9 into Eq. 6 and rearrangement yields

2

This expression can be greatly simplified by the introduction
of the dimensionless Peclet number for each ion. Inclusion of
the Hagen—Poiseuille definition of pore solvent velocity al-
lows the Peclet number to be defined in terms of effective
pressure AP,

Pe,;
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Bowen and Mohammad (1998) successfully applied such a
Hagen—Poiseuille relationship to predict volumetric flux, J,,
during dye-salt diafiltration with the CA30 NF membrane.
The definition of AP, in the present article differs from that
based on irreversible thermodynamics where an osmotic
(Staverman) reflection coefficient is included to account for
the transport of solutes across the membrane. In the present
case, A7 is calculated on a dynamic basis that directly takes
pore inlet and outlet concentrations (through C,, and C,, re-
spectively) into account (Bowen and Mohammad, 1998). The
validity of the present approach was investigated using the
experimental rejection of NaCl as a function of concentration
(where R covered almost the entire possible range of rejec-
tion). A plot of J, vs. AP, showed very good linearity over
the entire experimental range of AP, and salt concentration,
providing experimental justification for such a definition of
AP,. Furthermore, the linearity of such a plot indicated that
electrokinetic effects (that could have been most conve-
niently introduced as an electroviscous term) were not signifi-
cant. This is also expected theoretically (Bowen and Jenner,
1995), as in the present case the pores are sufficiently nar-
row, the membrane charge sufficiently small, and pore coun-
terion concentrations sufficiently low (due to the introduc-
tion of dielectric exclusion) to prevent development of elec-
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trical double layers in the NF pores. This is consistent with
the assumption of radial potential and concentration homo-
geneity in many existing NF models (Wang et al., 1997; Bowen
et al., 1997). It should be noted that the relative insignifi-
cance of electroviscous effects in nanofiltration is in contrast
to their potential importance in ultrafiltration (Saksena and
Zydney, 1995).

This notwithstanding, the pore viscosity in Eq. 13 will dif-
fer from the bulk viscosity because of increased solvent struc-
ture within the pore due to confinement. The earlier defini-
tion of Peclet number, and hence rejection, would be inde-
pendent of viscosity if the pore diffusion coefficient was lin-
early scaled by an increase in viscosity, as the effects would
cancel. A variation of pore viscosity with pore radius would,
however, be extremely important in the analysis of pore-size
distributions where overall rejection is dependent on the pro-
portion of the total flux going through each class of pore.
Inclusion of Eq. 13 in Eq. 11 and rearrangement yields the
following explicit expression for C,

Cp=
(Pey+ PeZ)C12,av +(Pey+ Pey) Xycp 5 — (201 5 + X)) Ay
Pe,  Pe, Pe,
+ = Ci,av Xd
Kl,c KZ,C Kl,c

(14)

This expression, in conjunction with Eq. 13, indicates that
permeate concentration (and hence rejection) is also inde-
pendent of membrane thickness. Previous theoretical analy-
ses and fitting procedures that considered rejection as a func-
tion of volumetric flux (J,) have allowed both r, and Ax/A;
to be independently varied. This led to anomalous effects,
such as an apparent variation of Ax/A, with solute radius
(Bowen et al., 1997). In reality, r, and Ax/A; are linked
through the membrane solvent permeability, and so their in-
dependent variation was physically inconsistent.

It is necessary to obtain pore inlet and outlet concentra-
tions from the equilibrium partitioning expressions in order
to calculate ¢, ,,. The Donnan potential at the pore inlet (x
= 0) is the same for both ions (although it differs from the
potential at the pore outlet). Rearrangement of Eq. 7 and
incorporation of partial partition coefficient ®; gives:

c(0 ¢, (0

RT

Ayp(0) = - F

RT
=4

Algebraic manipulation of Eq. 15 with Eq. 3 results in a
quadratic partitioning expression, the solution of which can
be expressed simply

X+ \/X; +40|®,C?

/(0) = 2 (16)

Similarly, an equivalent quadratic expression at the pore out-

let (x = Ax) gives
= X, +y/ X +4P1P5C;

> (17)

ci(Ax)=
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Special Case of KCIl. KCl has been used in theoretical
studies such as Bowen et al. (1997) and differs from other
electrolytes through its near symmetry in terms of size and
charge. For this electrolyte, if it is assumed that electrostatic
interactions have little effect on the hindrance of ions in NF
pores, then K, . =K, =K., D,,=D,,=D,, and a,=a,
to a good approximation. (Such an assumption is used in all
existing NF models, but its validity requires further investiga-
tion.) This allows the expressions just presented to be greatly
simplified. Partitioning is also simplified for KCI because the
partial partition coefficient is now the same for each ion. The
potential gradient, from Eq. 9, becomes

F dy KV X,
— == — (18)
RT dx D, 2¢+ X,
and Eq. 10 gives
Ac, VK, C ¢ v,
— = clav__p +L—d (19)
Ax D, ’ K, 2¢y 4+ Xy

The equivalent expression for Eq. 14 is

K

Clav Xy
C =—C[ 1ayPe—Ac + A

2¢y 5+ Xy

>~ e Pe] (20)

An important benefit of formulating the linearized system
of equations is that the effect of X, on overall rejection can
be analyzed, as Egs. 9, 11, 14, 16, and 17 are written in terms
of X, for the general case. The advantage of KCl is that this
dependence can be assessed more readily in simplified ex-
pressions (Egs. 18, 19, and 20). The importance of X, in the
analysis of experimental rejection using NF models has usu-
ally been discussed purely in terms of Donnan effects, al-
though Eqs. 9 and 18 clearly show the effect of X, on elec-
tromigrative transport to be important. Equations 14 and 20
make explicit the effect of X, on permeate ion concentra-
tion.

Rejection of uncharged solutes

In the characterization of NF membranes, it is usual to
obtain the pore radius, r,, from the experimental rejection of
uncharged solutes. The pore radius used in the linearized
transport model for electrolyte rejection should, for con-
sistency, have been obtained from an equivalent linearized
model for uncharged solute rejection. The fundamental
transport equation for uncharged solutes is the widely
adopted hydrodynamic model, modified to include hindered
convection and diffusion within the pores, as proposed by
Anderson and Quinn (1974) and Deen (1987), where solute
concentration gradient is defined as

dc V

o DP(KCc—C[,) (21)
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It is worth noting that this expression differs from the corre-
sponding expression for ions (Eq. 6) only through the lack of
an electromigrative term. The linearized concentration gradi-
ent can be expressed simply as

Ac KV C,
e @)
Ax D, K.

Introduction of the Peclet number as before gives
K,
CP=E(CWP6—AC) (23)

Substitution for ¢,, and Ac in Eq. 23 (using steric partition-
ing to relate bulk solute concentrations to pore inlet and out-
let concentrations) and definition of rejection R gives

1- ®K,
“=7 @K, 9K, (24)
(_ 2 ) Pe

=
I
_
|
QHX

This differs from the analytical solution of Eq. 21 (the full
model), which gives

DK,

R=1-
1-[1-®K_ ]exp(— Pe)

(25

A simple way to characterize the pore radius of a membrane
is through the limiting rejection, where convective transport
dominates and rejection, in the limiting case Pe — o, is only
dependent on pore radius. The predicted limiting rejection in
the linearized model differs from that of the full model, R,
=1-®K_, through an additional term in the denominator
of Eq. 24

1- ®K,
R, =— < 26
mT 1 —0.50K, (26)

Discrepancies between the pore radii obtained from the anal-
ysis of uncharged solute rejection with both the full and lin-
earized models are greatest for the case of limiting rejection.
The effect of the first-order term in Eq. 21 (which introduces
nonlinearity in the concentration profiles) increases with sol-
vent velocity, which is infinitely large in the case of limiting
rejection.

Calculation procedure and characterization of NF
membranes

The system of equations described by the full model has
been reduced, through linearization of the concentration gra-
dient, to three independent equations in three unknowns,
namely ¢,(0), ¢,(Ax), and C,. The overall iterative solution
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method for this system can be performed simply, using a
spreadsheet, for any value of X,:

(1) Calculate ¢,(0) using Eq. 16 and the known feed con-
centration C,,.

(2) Estimate a value of C, and calculate ¢,(Ax) using Eq.
17.

(3) Calculate c,,, and Ac; using Eq. 12 and check the
guess for C, using Eq. 14.

(4) Tterate C, using a simple bracketing method such as
bisection or false position, since 0 < C, < C,,. Terminate when
C, (Iteration) = C,, (Eq. 14).

(5) Calculate rejection R from the usual definition, R =1
-(Cc,/C,).

A significant advantage for uni-univalent electrolytes in this
simplified approach is that the partitioning expressions re-
duce to a quadratic equation that can be solved simply. The
introduction of multivalent ions would lead to a requirement
for solution of cubic and higher-order expressions with the
Newton—Raphson method.

The major advantage of the linearization method over ana-
Iytical solution of the extended Nernst—Planck equation is
that it is possible to extend this approach to multicomponent
electrolytes. In such cases, the transport equations are re-
duced to a system of n —1 simultaneous equations. (The ap-
propriate linearized equations are derived in full for a
ternary-ion system in the Appendix.) For multivalent ions, it
is no longer possible to obtain explicit expressions for perme-
ate concentrations but such concentrations can be obtained
by iteration, as discussed in the Appendix.

The first requirement in analysis of NF processes is often
to characterize the membrane. This may be achieved using
the linearized model as follows:

(1) Analyze uncharged solute rejection data as a function
of AP, using Eq. 24 in order to obtain pore radius, r,.

(2) Assess the average pore dielectric constant, €,, by
least-square fitting of Egs. 7, 8 in the analysis of electrolyte
(most usually NaCl) rejection as a function of AP, at the
membrane isoelectric point (pH giving the minimum elec-
trolyte rejection).

(3) Investigate the charging properties of the membrane
through evaluation of effective membrane charge density, X,
from the variation of electrolyte (NaCl) rejection with con-
centration.

(4) If predictions of flux properties are required, as in di-
afiltration, then they can be evaluated simply from the sol-
vent permeability, L, (accounting, if necessary, for concen-
tration polarization in evaluating AP,).

The procedure just described is for membranes that exhibit
an isoelectric point within the accessible range of operating
pH. In such cases, the use of electrolyte rejection at the
membrane isoelectric point enables dielectric mechanisms to
be decoupled from Donnan effects. It is also well known that
Donnan effects significantly decrease with increasing elec-
trolyte concentration. So, for membranes without an accessi-
ble isoelectric point, it is feasible to assess pore dielectric
constant using rejection data at higher salt concentrations,
for example, 0.1 M NaCl, and assuming that X, is negligible
at such a concentration. The use of an even higher concen-
tration would introduce significant nonideality in solution be-
havior.
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The system of equations just proposed are derived for
transport in any NF pore but, because of excellent feed-side
mass transfer in the pilot-scale experimentation used in the
present study, are not extended to include concentration po-
larization phenomena. Under polarization conditions, the wall
concentrations in Eqgs. 15, 16 and 24 can be adjusted through
the use of either an appropriate mass-transfer correlation or
solution of the extended Nernst—Planck equation in the
feed-side boundary layer, as performed by Bowen and Mo-
hammad (1998).

Experimental Methods

Memtech (UK) Ltd. constructed the pilot-scale apparatus
used in this study. A spiral-wound NF module was used in all
experiments, containing 1.7 m? of Desal-DK (Osmonics-
Desal) membrane. Flexibility of operation was obtained
through the use of two pumps, a diaphragm pump supplying
the high pressures to the system, and a centrifugal pump gen-
erating the high cross-flows.

The volumetric flows of both permeate (which was con-
verted to flux) and retentate streams were measured using
electromagnetic flowmeters. The pressures of the feed (mod-
ule inlet), retentate, and permeate streams were measured to
within +0.01 MPa using diaphragm-type transmitters. The
system temperature was controlled to within + 0.2°C by regu-
lating the flow of cooling water to a heat exchanger.

For ionic solutes, a simple technique for measuring con-
centration is through the conductivity of the solution. Con-
ductivity measurements were made of the permeate and re-
tentate streams using double-electrode probes capable of
measuring conductivities ranging from 5 uS-cm ™! to 300 mS
-cm ™!, Sodium and chloride ion concentrations were mea-
sured with an ion-selective probe (Russell pH), individual ion
concentrations being calculated using a combination of these
measurements and total solution conductivity.

The measured process data were continuously logged using
a PC, any noise in the data being smoothed with a moving-
average statistical treatment of the data. In all of the experi-
ments performed, rejection was measured at pressures rang-
ing from 0.1 MPa to 2.5 MPa. Preliminary experimentation
with the NF module showed that concentration polarization
was very small. Initially, the rejection of NaCl was measured
as a function of volumetric cross-flow, Q, where rejection was
found to be only weakly dependent on cross-flow at the flows
used in the filtration experiments in the present work. These
data were analyzed using a velocity variation method analo-
gous to that of Nakao and Kimura (1981) using the assump-
tion that k o Q%87 for turbulent flow in spiral-wound mod-
ules (Schock and Miguel, 1987). This analysis showed that
the observed rejection at the highest operating pressure was
within 4% of the polarization-corrected rejection (Q — ).
The correction at lower pressures was smaller.

In the models proposed in this study, rejection is predicted
as a function of effective pressure, AP,, and so it is necessary
to correct experimental applied pressure by the osmotic pres-
sure. Electrolyte rejection was studied over a range of con-
centrations, and so osmotic pressure corrections were made
using the van’t Hoff equation (Bowen and Mohammad, 1998),
which was applicable since concentrations did not exceed 0.1
M.
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Table 1. Pore Radii from Analysis of Uncharged Solute
Rejection Data with Both Full and Linearized One-Parame-

ter Models
Full Model Linearized Model
T r
(nm) S, (nm) s,
Glycerol 0.45 0.026 0.45 0.026
Glucose 0.43 0.006 0.44 0.005
Overall 0.45 0.025 0.45 0.025

Throughout this study, it was necessary to compare the
agreement with experimental data of the full and linearized
models. The quality of fit was compared through the follow-
ing least-square objective function S,

n
2
Z (Rexp - Rcalc)
1

S, = — 27

Results and Discussion
Characterization of the Desal-DK membrane

Experimental uncharged solute rejection data were ana-
lyzed with the linearized one-parameter transport model (Eq.
24). The effective pore radii obtained were compared to those
obtained from analysis of the data with the full one-parame-
ter model (Eq. 25). Table 1 presents a summary of the fit-
tings, showing that the results for pore radius and S, were in
close agreement. Figure 1 illustrates the agreement to experi-
mental data, which is comparable for both models. A pore

1.0
g G =B e B —
0.9
0.8
0.7
0.6 - =B
©
& 0.5 s
Q
0.4 8
034 o7°
0.2 o  Glycerol
o Glucose
019 Full Model
—-— Linearised Model
0.0 T T T T
0.0 0.5 1.0 1.5 2.0 25
AP,/ MPa

Figure 1. Fits from experimental uncharged solute re-
jection data with both full and linearized
one-parameter models.

Glycerol rejection was measured in both water and various
NaCl solutions (from 0.001 M to 0.1 M). Desal-DK mem-
brane.
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radius r, = 0.45 nm will therefore be used in all subsequent
analysis of experimental data with either model.

The experimental rejection of 0.01 M NaCl at the Desal-DK
membrane was determined over a range of pH and was found
to exhibit a minimum at pH ~4.1, this phenomenon being
attributed to the membrane being at its isoelectric point. This
observation of zero effective charge at pH ~4.1 was in agree-
ment with zeta-potential studies of this membrane (Hagmeyer
and Gimbel, 1998). The average pore dielectric constant was
estimated, using the linearized three-parameter model, to be
€, ~ 38 at this pore radius—the same value as that obtained
from analysis with the full model, further justifying the linear
assumption. This pore dielectric constant was used in all
comparisons to experimental electrolyte rejection data for this
membrane. However, the concentration gradient within the
pore also depends on X, and so the validity of linearization
was tested at nonisoelectric conditions.

Experimental NaCl rejection data for the Desal-DK mem-
brane has been analyzed using the full and linearized three-
parameter models. A summary of best fits obtained for the
variation of NaCl rejection with concentration is shown in
Table 2 where, again, fitting results are in very close agree-
ment. Figure 2 gives a graphical presentation of the best fits
obtained with both models, where the differences between
the two models are indistinguishable. Table 2 shows a sys-
tematic increase in the magnitude of X, as C,, increases from
1.4 to 37.6 mol 3. This is consistent with anion adsorption at
the membrane, as has been previously found for a number of
nanofiltration membranes. However, X, shows a decrease in
magnitude at C,, = 111.8 mol 3. This could possibly be ex-
plained by either the adsorption of cations at the higher con-
centration or by a change in the dielectric properties of pore
water with increasing salt concentration (which is not in-
cluded in the model for pore dielectric constant in the
present article).

The procedure described in the subsection titled “Calcula-
tion procedure and characterization of NF membranes” using
0.1 M NaCl in the assessment of pore dielectric constant was
also performed (the data are not presented here). The agree-
ment to experimental data was comparable to that in Figure
2 at all concentrations, although the predicted X, values were
greater in magnitude.

Range of validity of linearized concentration gradients

The characterization of a small-pore-size NF membrane in
this has shown the linearization of the concentration gradient
to be valid for both uncharged solutes and single electrolytes.

Table 2. Effective Charge Densities from Analysis of NaCl
Rejection Data with Full and Linearized Three-Parameter

Models
Full Model Linearized Model
w d Xd
(mol-m~3) (mol-m~3) & S, (mol'm™3) ¢ S,

1.4 —-0.49 —0.35 0.033 —0.50 —0.36 0.033
3.7 —-1.07 —-0.29 0.038 -1.07 —0.29 0.038
11.0 —-2.07 —0.19 0.038 —2.05 —0.19 0.038
37.6 —-5.73 —0.15 0.060 —5.75 —-0.15 0.059
111.8 —1.89 —0.02 0.052 —1.85 —0.02 0.053
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Figure 2. Fits from experimental NaCl rejection data
with both full and linearized three-parameter
models (r, = 0.45 nm) with reassessed di-
electric exclusion: Desal-DK membrane.

However, the characteristics of NF membranes vary quite
considerably, and so the validity of this procedure must be
tested over a wider range of NF conditions. Theoretical simu-
lations were performed with the full model in order to evalu-
ate the ion-concentration profiles within NF pores. As stated
earlier, the concentration gradients are also dependent on
X, and so the NaCl concentration profiles were investigated
over a range of both pore radius (0.5<r,<2.0 nm) and
membrane charge, Figure 3.

It was necessary to estimate pore dielectric constant as a
function of pore radius. The solvent within the pores was as-
sumed to consist of one layer of oriented water molecules
with a dielectric constant, €*, and an inner part having bulk
dielectric properties. This assumption of pore solvent struc-
ture is in agreement with previous electrochemical studies of
colloid—solvent interfaces (Israelachvili, 1991) and NMR
studies of the relaxation of water adsorbed on glass surfaces
(Belfort et al., 1974). The variation of the average pore di-
electric constant can then be calculated on a geometric basis
(assuming €, = 80)

=80-2(80— e*)| — —
€ (80— €*) "

| e

d
+ (80— e*)(

P

This evaluation allows a quasi-continuum-level exploration
of the effects of a variation of pore solvent dielectric constant
that may be used for predictive purposes. Further theoretical
improvements could probably only be achieved through non-
continuum descriptions, such as molecular dynamic simula-
tions, with considerable increase in conceptual and computa-
tional requirements. Using the data for the Desal-DK mem-
brane, it is possible to estimate that the dielectric constant
for the oriented water layer has a value €* ~ 31, allowing the
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Figure 3. Theoretical dimensionless Na* ion concentrations for rejecting NaCl over a range of pore radius and ratio
of membrane charge density to bulk feed concentration, &.

average pore dielectric constants for pores of r, = 0.5 and
2.0 nm to be estimated as €, ~ 40 and 67, respectively.

The dimensionless Na™ ion concentration profiles in Fig-
ure 3 have been normalized with the pore inlet concentra-
tion. The corresponding Cl~ ion profiles are not included
here because, for single electrolytes, electroneutrality within
pores forces the concentration profiles to be parallel. The
profiles in Figure 3 show excellent linearity at the smaller
pore radius, although curvature is greater at the larger charge
density. This linearity explains the excellent agreement be-
tween the full and linearized models during the characteriza-
tion of the Desal-DK membrane. For r, = 2.0 nm the curva-
ture is more apparent, though only really significantly at the

AIChE Journal

highest pressure (AP, = 2.5 MPa). Such a pore radius corre-
sponds to an upper limit for nanofiltration membranes.

It can be concluded, therefore, that the linearization of
concentration gradients in the transport of single electrolytes
will be reasonably valid over the range of NF pore sizes. As a
further test, Figure 4 shows the predicted rejection of NaCl
at various ¢ values for both the linearized and full models
for r, = 2.0 nm. Even over such an extended range of ¢,
there is very good agreement between the calculations.

The linearization of the concentration gradient is valid
when the effect of the ¢? term in Egs. 10, 19, A9, and A10 is
small. All three variables in the ion-specific group K.V/D,
exhibit a strong radius dependence, although in general terms
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AP,/ MPa

Figure 4. Theoretical variation of NaCl rejection with the
ratio of membrane charge density to bulk feed
concentration, £, for both full and linearized
models (r, = 2.0 nm).

Grey symbols—full model, white symbols—linearized
model.

the effects of hindrance factors (through K. and D)) will be
greater in the smaller NF pores and the effect of solvent ve-
locity greater for larger pores, so that there is some cancella-
tion of the effects. Nevertheless, the dependence on V re-
sults in the increase of the concentration profile curvature
with increasing AP,. However, a very important feature of
the success of linearization lies in the effect of dielectric ex-
clusion, which is also a pore-size-dependent phenomenon.
Pore-ion concentrations are reduced since both coions and
counterions are excluded, and in particular, counterion con-
centrations are smaller than in previous models because of
the smaller values of X,. In many cases, therefore, the mag-
nitude of ¢? may be negligible irrespective of the value of
K .V/D,.

Rejection of ternary electrolytes mixtures

Electrolyte mixtures have sometimes been used as a test
system in the development of predictive NF models (Tsuru et
al., 1991b; Rios et al., 1996). The linearized model described
in the Appendix was therefore used to investigate the rejec-
tion of NaCl:Na,SO, and NaCl:MgCl, mixtures. The phe-
nomenon of negative rejection was observed in both mix-
tures, the magnitude of this negative rejection increasing with
the ratio of divalent to monovalent coion. The agreement with
the experimental data obtained with the linearized model is
shown in Figure 5 for the systems that exhibited the largest
negative rejections (the fit again being indistinguishable from
that of the full model). Pore ion concentration profiles are no
longer parallel in the case of electrolyte mixtures, as pre-
sented in Figure 6 for NaCl:Na,SO, mixtures under condi-
tions corresponding to those of maximum curvature in Figure
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Figure 5. Fits from experimental rejection of NaCl:
Na,SO, and NaCl:MgCl, mixtures with lin-
earized model (r, = 0.45 nm): Desal-DK
membrane.

3. The profiles show significant curvature at the highest pres-
sure, although it is important to recognize that these curves
represent conditions where the deviation from linearity will
be near its maximum under practical NF conditions.

Figure 6 also shows that the axial variations in dimension-
less C1~ and SO,>~ concentration can be significant. Further
model sophistication could result from the inclusion of an
axial variation in X,. However, such a development would
cause a significant increase in the mathematical complexity
of the model (and would also ideally require a reliable de-
scription for the development of charge at membranes where
a detailed knowledge of the surface chemistry is rarely
available).
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) 1:10.

2.0 nm, ¢ = — 1, molar ratio

Overall, the linearization of the concentration gradients in
the three-parameter model is reasonably valid over the entire
NF range of conditions, predictions of single and multicom-
ponent electrolyte rejection being identical to the fall model
in narrow pores (r, ~ 0.5 nm).

Conclusions

Finite difference linearization of the pore concentration
gradient in nanofiltration membranes has been shown to
greatly simplify the solution of a three-parameter model for
electrolyte rejection through removal of the need for numeri-
cal Runge—Kutta integration of the extended Nernst—Planck
equation. The proposed linearized model also differs from
previous models through the simultaneous introduction of di-
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electric exclusion in the equilibrium partitioning at the pore
inlet and outlet and the removal of the ratio of effective
membrane thickness to porosity (Ax/A4,), which serves purely
as a fitting parameter. The effect of dielectric exclusion on
electrolyte rejection must, at this stage in model develop-
ment, be assessed from experimental salt rejection data and
so pore dielectric constant acts as the third model parameter.

The validity of the linearized model is first proved experi-
mentally through comparison with the results obtained with
the full model during the rigorous characterization of a
small-pore-size NF membrane. The two models were seen to
very closely agree, and subsequent analysis of pore concen-
tration profiles suggested that the assumption of linearity
would always be valid for practical purposes in such small
pores (r, 0.45 nm). This agreement allowed a computa-
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tionally simple characterization procedure to be proposed
that employs the linearized model as a practical tool in pre-
liminary studies of NF membranes (including an alternative
approach to the assessment of pore dielectric constant using
the rejection of 0.1 M NaCl).

Further investigation of pore concentration profiles showed
the assumption of linearity to be valid over a wide range of
practical NF conditions, demonstrating the importance of di-
electric exclusion in reducing both the magnitude of X, and
the coion concentrations within the pore. The linearized
model was also successfully extended to ternary electrolyte
mixtures, highlighting its main advantage over analytic solu-
tions that are limited to univalent electrolytes.

Overall, the model described in the present article is a
powerful tool for the characterization of NF membranes and
subsequent prediction of separation performance due to the
removal of the need for complex nonlinear numerical meth-
ods through the reduction of the governing equations to a
system of algebraic expressions. In addition, linearization re-
duces the calculation time required to generate predictions
for the rejection of multicomponent solutions by at least two
orders of magnitude.
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Notation

a;, a =hydrodynamic (Stokes) radius of ion i or KCl ions, m
A =function defined by Eq. A3, m~!
A, =porosity, dimensionless
B =function defined by Eq. A3, m™!
¢;,c =concentration of ion i or uncharged solute within
pore, mol-m ™3
¢;(0),¢(0) = concentration of ion i or uncharged solute within pore
entrance, mol-m ™3
¢;(Ax),c(Ax) =concentration of ion i or uncharged solute within pore
outlet, mol-m 3

C; ay>Cay =average concentration of ion i or uncharged solute
within pore, mol-m ™3
C ’ =bulk feed concentration, mol-m™3
C; »,C, =permeate concentration of ion i or uncharged solute,

mol-m 3
C,,,C, =wall concentration of ion i or uncharged
solute, mol-m 3
D, ,,D, =pore diffusion coefficient of ion i or uncharged
solute, m*-s~'(= K, ,D.)
D, ..,D, =bulk diffusion coefficient of ion i or uncharged
solute, m?-s~!
d =thickness of the oriented solvent layer, m
e =electronic charge, 1.602177x10°1° C
E =function defined by Eq. A3, m~!
f; =iterative method test function for ion i, mol-m >
fr =overall iterative method test function, mol-m ™3
F =Faraday constant, 96487 C-mol !
G =function defined by Eq. A3, m~!
H =function defined by Eq. A3, m~!
j; =ionic flux of ion i (pore area basis), mol-m~2-s~ !
J =function defined bg/ Eq. A3, dimensionless
J, =volumetric flux, m°-m~2-s!
k =Boltzmann constant, 1.38066 X 10723 J-K!
k =feed-side mass-transfer coefficient, m-s~!
K; K, =hindrance factor for convection of ion i or uncharged
solute, dimensionless, [K, =(2— ®)(1.0+0.054A —
0.988 A% +0.441 1%)] (Bowen and Mohammad, 1998)
K; ;,K,=hindrance factor for diffusion of ion i or uncharged
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solute, dimensionless, (K,;=1.0—2.30A+ 1.154A% +
0.2242%) (Bowen and Mohammad, 1998)
L =function defined by Eq. A3, dimensionless
M =tunction defined by Eq. A3, dimensionless
n =number of solutes in fitting, dimensionless
P =function defined by Eq. A6, m ™!
Pe;, Pe =Peclet number for ion i or uncharged solute, dimen-
sionless
Q =volumetric cross-flow rate in the spiral wound mod-
ule, m3-s~!
Q =function defined by Eq. A6, m ™!
r, =effective pore radius, m
R, R, =rejection of electrolyte or ion i, dimensionless
R =universal gas constant, 8.314 J-mol ! K™!
R, =calculated rejection, dimensionless
Ry, =experimental rejection, dimensionless
Ry, =limiting rejection, dimensionless
S, — S, =functions defined by Eq. A6, m ™!
§, =sum-of-squares objective function in fitting, dimen-
sionless
T = absolute temperature, K
T, - T, =functions defined by Eq. A8, m~!
U =function defined by Eq. A8, m ™!
V= solve111t velocity (defined by Hagen—Poiseuille),
m-s
x =axial position within the pore, m
X, =effective charge density, mol-m~
Y =function defined by Eq. A8, m ™!
z; =valence of ion i, dimensionless

3

Greek letters

Ac;,Ac =concentration difference of ion i or uncharged solute
across the pore thickness, mol-m ™3
AP =applied pressure, N-m 2
AP, =effective pressure driving force, N-m~2 (AP, =AP
—Am)
Az =dynamic osmotic pressure difference, N-m~2 (A7 =
RTIEC;,, —XC; D
AW, =Born solvation energy barrier, J
A x =membrane thickness, m
Ay;; H(0) =Donnan potential of ion i at the pore entrance, V
€, =bulk dielectric constant, dimensionless
€, =pore dielectric constant, dimensionless

eﬁ = permittivity of free space, 8.85419 x 10~'2 J=!.C?.
-1
m

€, =dielectric constant of the oriented water layer, di-
mensionless
n =solvent viscosity within pores, N-s-m~
A =ratio of ionic or uncharged solute radius to pore ra-
dius, dimensionless
¢ =ratio of effective membrane charge density to bulk
feed concentration, dimensionless (¢ = X,;,/C;)
@) =partial partition coefficient, dimensionless (®; =
®; exp[— AW, /kT]
@,,® =steric partition coefficient of ion i or uncharged
solute, dimensionless, = (1 — A)?
iy =potential within the pore, V

2
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(AL)
T (z%cﬁz%cz +z3¢3)

It is possible to substitute for ion 3 using electroneutrality
conditions (as was performed for ion 2 earlier, in the case of
single electrolytes). Introduction of these expressions into Eq.
Al allows the potential gradient to be defined in terms of ¢,

¢, Cyp, Cy py and X,

F d§ Ac,+ Be,— ECy,
RT dx Je,+ Le,

-GG, , — HX,
— MX, ’

(A2)

where

1 1 ) K3V
D2p D3,P ’ D3,p,

G= sz(

J=z}—2z 2z, L=2z3—2,2,, M=z, (A3)

For a system of three ions, there are n—1 independent
concentration gradients, and so it is necessary to derive ex-
pressions for ions 1 and 2 only. Substitution of Eq. A2 into
the concentration gradient for ion 1, Eq. 6, yields

dc1
dx _D1 (chcl l,p)
e Acy+ Be, — ECy , — GC, , — HX, (A%)
1 Je,+ Le, — MX,
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Expansion of this expression and collection of the terms gives

de, Siet 4+ 8y¢06, + (83X, +8,C, , +85C, )¢, — 86Cy yer + 8, X,Cy,

, (A5
dx Je,+ Le, — MX, (A3)
where
ion present. In the present example, we will study electrolyte
K,V V . . . . . .
p=— 0= , S,=JP—z,A, mixtures with one univalent anion and cation and a divalent
D,, Dy, ion, the system of partitioning expressions, and the solution
method, which will be shown at the pore inlet (an equivalent
S,=LP—2z,B, expression being obtained at the pore outlet). In order to

express ¢,(0) and ¢;(0) in terms of ¢,(0), we will again equate

Sy=z,H— MP, S,=z,E—JO, Si=z2,G, Donnan potentials

S,=L0Q, S,=MQ. (A6)  Ad p(0) =24, ,(0)
1 ¢y (0 1
. . . . R | C Iy Q) (A11)
There is an equivalent expression for ion 2 z 'C,, z, ,C,
dc, B Ay, p(0) = Ay (0)
=
1 (0 1
.'.—ln( ,1( ) ) =—n f( ) ) (A12)
Tye3+Tyc,0,H( T XA T,Co ,+T5Cy ) €= ToCy oy + T, X,Cy zp \ PG, | oz PG,
Je,+Le,—MX, ’
(A7) Algebraic manipulations of Eqs. A1l and A12 yields
h 0 zy /24
where £(0) = B,C (cl() )
2 22| g C.,
K,V vV /2
=— = , T,=LU-z,B, c(0) \ 7
Dy, D, ¢3(0) = D53C; | —=— (A13)
q)lcl W
T,=JU—-z,A,
To= 2. H— MU T =2.G-LY T.— 2. E Substitution of Eq. A13 into the pore electroneutrality condi-
32 ’ 42 ’ o tion and rearrangement gives the following expression (there
T,=JY, T,=MY (A8) being an equivalent at the pore outlet)

If these concentration gradients are linearized as before, then

Acl Slclz,av+S261,avc2,av+(S3Xd+S4Cl,p+SSC2,p)C1,aV_S()Cl,pCZ,av +S7Xdcl,p A9
Ax Jei o+ Leg oy — MX, (A9)

ﬂ _ T1C§,av + 1501 ayCoav T (T3Xd + T4C2,p + TSCI,p)CZ,av - T6C2,pcl,av + T7XdC2,p

Ax Jey oy + Ly g — MX, (A10)
It is worth noting that, as opposed to the case of single elec- ) XOREE
trolytes, it is no longer possible to rearrange these expres- 216 (0) + 2,®,C,, O
sions to obtain C, , or C, , explicitly, which will have a sig- b
nificant effect on the numerical methods used. (0) z3/21
The final form of the partitioning expressions at the pore + z,P%C, w( - ) +X,=0 (Al4)
inlet and outlet depends specifically on the valences of the PiCh
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For the electrolyte mixtures studied in this article
(Na*:80,”7:Cl~ and CI":Mg?*:Na*), the ion valences are
+1:—2:—1 and —1:+2:+1, respectively. The ions are or-
dered in this way because introduction of these valences into
Eq. Al4 and rearrangement yields the same cubic equations
at the pore inlet and outlet

2,67(0) + X,;¢7(0) + 2, @, P5C, ,,Cs,¢4(0)
+ z,( D) )Z(D/zclz,wcz,w =0 (Al5)
zlcf(Ax) + Xdclz(Ax) + z3(I)’1(I>’3C1’pC3vpc](Ax)

+2y(}) PLCE,C, , =0 (Al6)

Solution of Egs. A15 and A16 using the Newton—Raphson
method shows that there is one real root to each equation,
the other two roots being imaginary. If all three ions were
univalent, the equivalent of Egs. A15 and A16 would be
quadratic equations, whereas the presence of a trivalent ion
would lead to a quartic equation. The overall iterative proce-
dure for three ions is different to that for a single electrolyte,
as it is necessary to make guesses for two variables, C; , and
C,,,- The method is as follows:

(1) Estimate values of C; , and C, .

(2) Calculate C;, from the permeate electroneutrality
condition.

(3) Solve Egs. A15 and A16 to find ¢,(0) and ¢,(Ax) and
calculate ¢,(0), ¢5(0), ¢,(Ax), and c;(Ax) from Eq. A13 and
the equivalent expressions at the pore outlet.

(4) Calculate ¢, ¢, ,,, and cs,, as for single electrolytes.

(5) Substitute all known variables into Eqs. A9 and A10 to
calculate Ac; and Ac,. (An arbitrary value of Ax must be
included in the calculation, although the value will not affect
rejection.) It is possible to calculate ¢;(0) and ¢,(0) as follows

¢;(0)=c;(Ax)— Ac; (A17)

(6) These pore inlet concentrations have now been calcu-
lated in two ways, one of which was independent of the itera-
tive guesses of C; , and C, ,. The two test functions will then
simply be a comparison of these inlet concentrations

fi=c1(0)eq. a15 — ¢1(0)Egs. A9,a10,417 =0

f2 = Cz(O)Eqs. Al13,A15 — C2(O)Eqs. A9,A10,A17 = 0 (A18)

A simple way to approach this problem is to combine the test
functions and make it always a positive value. The numerical
procedure becomes a minimization method in two dimen-
sions, where the minimum equaling zero is the desired root.
The easiest way to combine the test functions is as follows:

fr=fi+f7=0 (A19)

In this study, the Star minimization method (Acton, 1970)
was used to carry out the iteration. In most studies of multi-
component electrolytes, the modified Powell-hybrid method
has been used through the use of numerical algorithm group
(NAG) algorithms. The use of such complex numerical meth-
ods is limited considerably by the requirement of accurate
initial estimates of the permeate concentrations. In contrast,
the Star method could be initialized at the low concentration
corner of the C; , —C, , plane and then moved toward the
required solution, because in this case, the overall test func-
tion is smooth over the physically realistic range of permeate
concentrations, thus removing the dependency on accurate
initial estimates.
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